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Trirefringence is related to the existence of three distinct phase velocity solutions (and polariza-
tions) for light propagation in a same wave-vector direction. This implies that when a trirefringent
medium refracts a light ray, it is split into three rays with different velocities and linearly inde-
pendent polarizations. Here a previous investigation [1] is revisited and its results are generalized
to include a broader class of magnetoelectric materials. Moreover, it is argued that trirefringent
media could already be achieved using present day technologies. Examples are given to support
that focused on built layered media under the influence of applied electromagnetic fields.
I. INTRODUCTION
Metamaterials are extremely important because they
hold the promise of huge advancements in optical devices
and new technologies [2–5]. Motivations for them stem
from the studies of Veselago with negative dielectric co-
efficients and the unusual properties they could exhibit
[6]. Nowadays, metamaterials are an experimental real-
ity and they are broadly understood as man-made me-
dia with subwavelength structures such that their dielec-
tric coefficients (and hence their light properties) be con-
trollable [7]. Experimental approaches to metamaterials
started with the tailoring of “meta-atoms” (for an exam-
ple of that, see Pendry et al. [8]), leading to media with
negative refractive indices [9–11], but now metamateri-
als have reached an incredible abundance of phenomena
and media settings (see for instance [2–5] and references
therein). Metamaterials can also be used to test anal-
ogously several gravity models, as for instance [12–14]
and references therein. Through transformation optics
[15, 16], recipes for metamaterials with desired light tra-
jectories can also be readily obtained. For the majority
of above aspects, focus is put on linear metamaterials,
naturally due to the direct relationship of the dielectric
coefficients with controllable parameters. However, non-
linear metamaterials [17] are also rapidly gaining interest,
especially for the unique uses they could have [17–19].
A special class of nonlinear media on which we will
focus in this work is magnetoelectric materials [20]. In
such media, permittivity (polarization) can depend on
the magnetic field and permeability (magnetization) can
have an electric field dependence. The advantage of
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metamaterials is that nonlinear magnetoelectric effects
there could be created and controlled. It is already known
that they could happen for instance in periodic, subwave-
length and polarizable structures, such as split ring res-
onators [19]. It has also been recently shown that non-
linear magnetoelectric metamaterials could lead to trire-
fringence [1], associated with three different solutions to
the Fresnel equation [21]. In this work we concentrate
on some facets of this phenomenon, such as theory and
experimental proposals for it.
Known not to exist in linear media [22], trirefringence
would thus be an intrinsically nonlinear effect. Analysis
has suggested it might appear in an anisotropic medium
presenting some negative components of its permittivity
tensor, while its permeability should depend on the elec-
tric field (magnetization dependent on the electric field)
[1]. Symmetries of Maxwell equations for material media
also suggest that trirefringence could take place in media
with constant anisotropic permeability tensors and per-
mittivity tensors depending on magnetic fields (magnet-
ically induced polarization) too. The interest associated
with trirefringence is that media exhibiting it could sup-
port three linearly independent light polarizations. For
each polarization there would be a specific refractive in-
dex (phase velocity). Therefore, upon refraction of an
incident light ray on a trirefringent medium, it should
split into three light rays, each one of them with its spe-
cific ray velocity and polarization. Interestingly, trire-
fringence might also occur in nonlinear theories of the
electromagnetism related to large QED and QCD field
regimes [23]. In both cases, though, it is important to
stress that trirefringence is an effective phenomenon. The
same happens in metamaterials, given that the dielectric
coefficients there are clearly effective and just valid for a
range of frequencies.
Applications for trirefringence could be thought of re-
garding the extra degree of freedom brought by the third
linearly independent polarization it presents. For in-
ar
X
iv
:1
90
1.
07
08
7v
1 
 [p
hy
sic
s.o
pti
cs
]  
21
 Ja
n 2
01
9
2stance, if information is stored in polarization modes,
then trirefringent media would be 30% more efficient than
birefringent media. Another possible application could
be related to its intrinsic light propagation asymmetry
[1]. The reason is because trirefringent media lead to
three waves propagating in a given range of wave direc-
tions (two extraordinary and one ordinary), while the
opposite range just has one (ordinary wave) (see Fig. 1
of Ref. [1]). However, our main motivation in this work
is conceptual: we want to argue there might already be
feasible ways of having trirefringence with known meta-
materials, and hence the possibility of having three lin-
early independent polarizations to electromagnetic waves
in the realm of Maxwell’s electrodynamics. In this sense,
our analysis is a natural extension of the first ideas pre-
sented in De Lorenci and Pereira [1].
We structure our work as follows. In Sec. II we elabo-
rate on light propagation in nonlinear media in the limit
of geometric optics. Section III is particularly devoted to
trirefringence analysis and aspects of the magnetoelec-
tric media which could support it. Estimates of the ef-
fect as well as proposals of possible physical media where
trirefringence could be found is given in Sec. IV. Par-
ticularly, general estimates and graphic visualization of
the effect is studied in Sec. IV A, and easy-to-build pro-
posals for trirefringent system based on layered media
and estimates of the strength and resolution of the ef-
fect are presented in Sec. IV B. Finally, in Sec. V, we
discuss and summarize the main points raised in this
work. An alternative method to derive the Fresnel equa-
tion from Maxwell’s equations and constitutive relations
is presented in an appendix.
Unless otherwise specified, we work with international
units. Throughout the text Latin indices i, j, k... run
from 1 to 3 (the three spatial directions), and we use the
Einstein convention that repeated indices in a monomial
indicate summation.
II. WAVE PROPAGATION IN MATERIAL
MEDIA
We start with Maxwell’s equations in an optical
medium at rest in the absence of free charges and cur-
rents [1],
∂iDi = 0, ijk∂iEj = −∂tBk, (1)
∂iBi = 0, ijk∂iHj = ∂tDk, (2)
together with the general constitutive relations between
the fundamental fields ~E and ~B and the induced ones ~D
and ~H,
Di = εij( ~E, ~B)Ej + ε˜ij( ~E, ~B)Bj , (3)
Hi = µ
(−1)
ij (
~E, ~B)Bj + µ˜
(−1)
ij (
~E, ~B)Ej . (4)
Here the coefficients εij , ε˜ij , µ
(−1)
ij , and µ˜
(−1)
ij , describe
the optical properties of the material.
Our interest relies on the study of light rays in a non-
linear magnetoelectric material. Hence, we may restrict
our investigation to the domain of the geometrical optics.
We use the method of field disturbance [24] and define
[25] Σ, given by φ(t, ~x) = 0, to be a smooth (differen-
tiable of class Cn, n > 2) hypersurface. The function
φ(t, ~x) is understood to be a real valued smooth function
and regular in a neighbourhood U of Σ. The spacetime
is divided by Σ into two disjoint regions: U−, for which
φ(t, ~x) < 0, and U+, corresponding to φ(t, ~x) > 0.
The step of an arbitrary function f(t, ~x) (supposed to
be a smooth function in the interior of U±) through the
borderless surface Σ is a smooth function in U and is
calculated by
[f(t, ~x)]Σ
.
= lim
P±→P
[f(P+)− f(P−)], (5)
with P+,P− and P belonging to U+,U− and Σ, respec-
tively. The electromagnetic fields are supposed to be
smooth functions in the interior of U+ and U− and con-
tinuous across Σ (φ is now taken as the eikonal of the
wave). However, they have a discontinuity in their first
derivatives such that [24]
[∂tEi]Σ = ωei, [∂tBi]Σ = ωbi, (6)
[∂iEj ]Σ = −qiej , [∂iBj ]Σ = −qibj , (7)
where ei and bi are related to the derivatives of the fields
on Σ and correspond to the components of the polariza-
tion of the propagating waves. The quantities ω and qi
are the angular frequency and the i-th component of the
wave-vector.
Thus, substituting Eqs. (6) and (7) into the Maxwell
equations, together with the constitutive relations, we
obtain the eingenvalue equation,
Zijej = 0, (8)
where Zij gives the elements of the Fresnel matrix, and
is given by (see the appendix for an alternative way of
deriving these results)
Zij = Cijv
2 +
(
iklH˜lj + nkjC˜in
)
qˆkv+ iklnpjHlnqˆkqˆp,
(9)
with the definitions
Cij = εij +
∂εin
∂Ej
En +
∂ε˜in
∂Ej
Bn, (10)
C˜ij = ε˜ij +
∂ε˜in
∂Bj
Bn +
∂εin
∂Bj
En, (11)
Hij = µ
(−1)
ij +
∂µ(−1)in
∂Bj
Bn +
∂µ˜(−1)in
∂Bj
En, (12)
H˜ij = µ˜
(−1)
ij +
∂µ˜(−1)in
∂Ej
En +
∂µ(−1)in
∂Ej
Bn, (13)
Furthermore, we have defined the phase velocity as v =
ω/q, the unit wave vector as qˆ = ~q/q, and its i-th com-
ponent as qˆi.
3III. TRIREFRINGENCE IN NONLINEAR
MAGNETOELECTRIC MEDIA
Magnetoelectric phenomenona in material media are
related to the induction of magnetization or polarization
(or both) by means applied electric or magnetic fields,
respectively. In order to obtain the description of these
phenomena, we start by expanding the free energy of the
material in terms of the applied fields as follows [20],
F ( ~E, ~H) =F0−PSi Ei −MSi Hi
− 1
2
ε0χijEiEj − 1
2
µ0χ
(m)
ij HiHj − αijEiHj
− 1
2
βijkEiHjHk − 1
2
γijkHiEjEk + ... , (14)
with F0 the free energy of the material in the absence of
applied fields, and the other coefficients in this expansion
will the addressed in the discussion that follows.
Differentiation of F with respect to the Ei andHi fields
leads to the polarization and magnetization vectors,
Pi( ~E, ~H) =− ∂F
∂Ei
= PSi + ε0χijEj + αijHj
+
1
2
βijkHjHk + γj(ik)HjEk + ... (15)
Mi( ~E, ~H) =− ∂F
∂Hi
= MSi + µ0χ
(m)
ij Hj + αjiEj
+ βj(ik)EjHk +
1
2
γijkEjEk + ..., (16)
where PSi and M
S
i represent the components of the spon-
taneous polarization and magnetization, respectively,
whose contribution will be suppressed in our discus-
sion. We use the notation that parenthesis enclosing
a pair of indices means symmetrization, as for instance
βj(ik) = (βjik + βjki)/2 .
Coefficients αij and γijk are responsible for linear
and nonlinear electric-field-induced effects, respectively.
However, we specialize our discussion to the case of non-
linear magnetic-field-induced effect parametrized by the
coefficients βijk. Hence,
Pi = ε0χijEj +
1
2
βijkHjHk, (17)
Mi = µ0χ
(m)
ij Hj + βj(ik)EjHk. (18)
Furthermore, we assume that the linear electric suscepti-
bility χij is described by a real diagonal matrix, and the
linear magnetic permeability is isotropic, χ(m)ij = χ
(m)δij .
Losses are being neglected. In the regime of geometri-
cal optics the wave fields are considered to be negligible
when compared with the external fields, which we set as
~Eext = Exˆ and ~Bext = Byˆ. Now, as Bi = Mi + µ0Hi
and Di = Pi + ε0Ei, we obtain that
Bi = µ0(1 + χ
(m))Hi + βj(ik)EjHk, (19)
Di = ε0(δij + χij)Ej +
1
2
βijkHjHk. (20)
We restrict our analysis to case where βijk 6= 0 only if
j = k, which implies that ~H is parallel to ~B. Addition-
ally, assuming that βzyy is negligible and that ε0χxxE 
βxyyH
2, we obtain that ~P = (ε0χxxE, βyyyH
2/2, 0) and
~M = (0, µ0χ
(m)H + βxyyEH, 0). Now, returning these
results into ~D and ~B fields and comparing with the gen-
eral expressions for the constitutive relations we get that
the optical system under consideration is characterized
by the following electromagnetic coefficients:
εij = ε0(δij + χij), (21)
ε˜ij =
βyyyB
2µ2
δij , (22)
µ(−1)ij =
1
µ
δij , (23)
µ˜(−1)ij = 0, (24)
where we have defined the nonlinear magnetic permeabil-
ity
µ
.
= µ0(1 + χ
(m)) + βxyyE. (25)
The Fresnel matrix from Eq. (8) is now given by
Zij =
(
εij − µ
′
µ3
δiyβyyyB
2Ej
)
v2
+
[
δiy
µ2
βyyy( ~B × qˆ)j + µ
′
µ2
( ~B × qˆ)iEj
]
v
− 1
µ
(δij − qˆiqˆj) , (26)
where
µ′ .=
1
E
∂µ
∂E
=
βxyy
E
. (27)
We will be particularly interested in materials presenting
a natural optical axis, and set
εij = diag(ε‖, ε⊥, ε⊥). (28)
Nontrivial solutions of the eigenvalue problem state by
Eq. (8) can be found by means of the generalized Fresnel
equation det|Zij | = 0, where |Zij | symbolizes the matrix
whose elements are given by Zij . This equation can be
cast as
det|Zij | = −1
6
(Z1)
3 +
1
2
Z1Z2 − 1
3
Z3 = 0, (29)
where we defined the traces Z1 = Zii, Z2 = ZijZji, and
Z3 = ZijZjkZki.
Now, calculating the above traces and returning into
Eq. (29) we obtain the following quartic equation for the
phase velocity of the propagating wave,
av4 + bv3 + cv2 + dv + e = 0, (30)
4where
a =6ε‖ε2⊥, (31)
b =6
µ′
µ2
EBε2⊥qˆz, (32)
c =− 6
µ
ε⊥
[
ε‖(qˆ2x + 1) + ε⊥(qˆ
2
y + qˆ
2
z)
− µ
′βyyy
µ3
EB2qˆxqˆy
]
, (33)
d =− 6
µ3
Bqˆz
[
µ′Eε⊥ + βyyy qˆxqˆy(ε⊥ − ε‖)
]
, (34)
e =
6
µ2
[
ε‖qˆ2x + ε⊥(qˆ
2
y + qˆ
2
z)−
µ′βyyy
µ3
EB2qˆxqˆ
2
y
]
. (35)
This result generalizes the study presented in Ref. [1].
Particularly, the term containing the coefficient βyyy is
linked to the coefficient ˜ij in the constitutive relations,
and makes the whole system consistent with the free en-
ergy approach used here to derive polarization and mag-
netization vectors that characterize the medium.
Now, if we set the propagation in the xz-plane, i.e,
qˆ = sinθxˆ + cosθzˆ, the phase velocity solutions of Eq.
(30) reduce to the ones studied in Ref. [1], and are given
by
vo = ± 1√
µε⊥
, (36)
v±e = −σqˆz ±
√
(σqˆz)2 +
1
µε‖
[(
ε‖
ε⊥
− 1
)
qˆ2x + 1
]
(37)
where we defined the velocity dimensional quantity σ
.
=
µ′EB/2µ2ε‖. Here, the solution vo does not depend on
the direction of the wave propagation and is referred to as
the ordinary wave, whereas v±e depend on the direction
of the wave propagation, and are called extraordinary
waves.
Now, the polarization modes ~e corresponding the above
described wave solutions are given by the eigenvectors of
Eq. (8). Introducing Zij from Eq. (26) into the eigen-
value equation, we get the following equation relating the
components of ~e,
[
ε‖
ε⊥
v2 + 2µε‖σv2o qˆ
2
zv −
(
ε‖
ε⊥
qˆ2x + q
2
z
)
v2o
]
ex = 0, (38)[
−2µε‖σv2 +
(
qˆz +
ε‖qˆ2x
ε⊥qˆz
)
v
]
βyyyB
µ
ex +
(
v2
v2o
− 1
)
ey = 0, (39)(
µε⊥v2 − qˆ2x
)
ez − (2µε‖σv − qˆz)qˆxex = 0. (40)
Note that the coefficient of ex in Eq. (38) is zero only when v = v
±
e . Therefore, straightforward calculations lead
us to the polarization vectors ~eo and ~e
±
e corresponding to the ordinary and extraordinary waves, respectively,
~eo =yˆ, (41)
~e ±e =N
±
{
xˆ− ε‖βyyyBv
±
e
µε⊥
[
1 +
1
(ε⊥/ε‖ − 1)qˆ2z − 2µε⊥σqˆzv±e
]
yˆ − ε‖qˆx
ε⊥qˆz
zˆ
}
, (42)
where N± holds for the normalization constants related to the extraordinary modes.
As we see, there will be up to three distinct polariza-
tion vectors, depending on the phase velocity solutions.
In a same direction there will be only one possible so-
lution for the ordinary wave, as they will always have
opposite signs. On the other hand, it is possible to ex-
ist two distinct solutions for the extraordinary waves in a
same direction, i.e., presenting the same signal. The con-
dition behind this possibility can be expressed as follows
[1],
− 1 < 1
µε‖σ2
(
ε‖
ε⊥
tan2 θ + 1
)
< 0. (43)
However, in order to guarantee the existence of the ordi-
nary wave solution we should set µε⊥ > 0, which implies
that the above condition requires that ε‖ = −‖ < 0.
Hence, the range of θ for which trirefringence occurs is
such that 1 > (‖/ε⊥) tan2 θ > 1− ‖µσ2.
IV. ESTIMATES FOR TRIREFRINGENCE
A. General estimates and pictorial analysis of the
effect
As we have seen, in the particular scenario here inves-
tigated, trirefringence occurrence is constrained by the
condition set by Eq. (43), which requires a material pre-
senting one negative component of the permittivity ten-
sor. This behavior can naturally be found in plasmonic
5materials. Furthermore, artificial materials constructed
with wire structures are known to follow this behavior
for an adjustable range of frequencies. Nevertheless, an
estimate of the effect can still be presented in terms of
the magnitude of certain coefficients found in natural ma-
terials. It is expected that such results can be similarly
produced in a tailored material.
Measurements of magnetoelectric polarization in some
crystal systems [26–28] have shown that values of the β
coefficient as larger as βxyy ≈ 10−16sA−1 can be found,
as for instance in HoAl3(BO3)4, for which magnetic fields
up to about 10T was applied. Thereby, the angular range
for which trirefringence may occur can be presented as
1− 1.42×10−2(‖/ε0)(µ/µ0)3
(
βxyy
10−16sA−1
)2 (
B
10T
)2
<
‖
ε⊥
tan2 θ < 1.
(44)
In the above result we can approximate µ/µ0 ≈ 1 +χ(m),
as higher order term in β can be neglected. The per-
mittivity coefficients can be expressed in terms of linear
susceptibilities as ε⊥ = ε0(1+χ22) and ‖ = ε0(|χ11|−1).
If we assume typical values for the permittiv-
ity coefficients as ‖/ε0 = 1.5 and ε⊥/ε0 =
2, we obtain 1 > 0.75 tan2 θ > 1 − 9.4857 ×
10−3(µ/µ0)−3
(
βxyy/10
−16sA−1
)2
(B/10T)
2
. Depending
on the magnetic properties of the material the above
range can be large enough to be experimentally mea-
sured. Just to have a numerical result, assuming the
above results and approximating µ/µ0 ≈ 1, we get
0.85471 < θ(rad) < 0.85707, i.e., there will be a win-
dow of about 0.0024 rad (≈ 0.14 degrees) where the ef-
fect can be found. For instance, if we set the direction of
propagation at θ = 0.8570 rad, the ordinary and extraor-
dinary velocities result v0 ≈ 0.707c, v+e ≈ 8.04 × 10−4c
and v−e ≈ 0.103c, each of which presenting a distinct po-
larization vector, as given by Eqs. (41) and (42).
In order to have a better visualization of the effect, let
us assume that a system for which β = 10−15sA−1 can
be found (or tailored), and assume an applied magnetic
field of 7T. In this case, keeping all the other assump-
tions, the angular opening for which the effect occurs
increases to about 0.1556 rad (≈ 8.92 degrees), within
0.70144 < ±θ(rad) < 0.85707, as depicted in Fig. 1.
Note that the trirefringent region is symmetric with re-
spect to the Z direction. This is a consequence of the
fact that v±e (−θ) = −v∓e (θ), i.e., the role of the extraor-
dinaries solutions exchanges when θ → −θ.
If we concentrate only on the first quadrant of Fig. 1,
and choose a direction of propagation inside the trirefrin-
gent window, we clearly see that in such direction there
will be three possible solutions – one ordinary wave so-
lution and two extraordinary ones. This aspect is ex-
plored in Fig. 2, where we have selected the direction
θ = 0.730 rad (≈ 41.8◦). Notice that the dotted straight
line meets the normal surfaces in three distinct points,
corresponding to the three distinct solutions of wave
propagation in that direction.
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FIG. 1. Normal surfaces [29, 30] of the nonlinear magneto-
electric medium characterized by Eqs. (25) and (28). Here
trirefringence phenomenon occurs in the shaded angular sec-
tors. The solution for the phase velocity of the ordinary wave
is depicted by the circular line (labeled by vo), and the ex-
traordinary waves are represented by solid and dashed curves
(labeled by v+e and v
−
e ).
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FIG. 2. Here the dotted straight line represents a specific
direction of propagation inside the trirefringence region. It
can be clearly seen that in this direction there exist three
distinct solutions for wave propagation, which are given by the
intersection points between the straight line and the normal
surfaces.
Another aspect unveiled by Fig. 2 is the existence of
wave solutions for one of the extraordinary rays (v−e in
the plot) presenting a phase velocity that can be arbi-
trarily close to zero. As we see, v−e goes to zero as we
approach the maximum angle for which trirefringence oc-
curs. This issue is further addressed in the final remarks.
6B. Estimates based on a possible multilayered
system
Now, we elaborate on a specific proposal for a trire-
fringent medium. From the above estimate one learns
that, ordinarily, trirefringence would be limited to small
angular regions because the expected βxyys are small.
However, Eq. (44) already suggests a way to increase the
angular aperture trirefringence would take place. One
should simply choose a small enough ‖. Fortunately, this
can be achieved with the effective dielectric coefficients
in layered media, which are relatively easy to tailor and
hence potential experimental candidates to our proposal.
Assume a layered medium whose constituents are
two materials with homogeneous dielectric coefficients
(1, µ1) and (2, µ2). For definiteness, take medium “1”
as an ordinary dielectric material and medium “2” as a
metal-like material. If one (indefinitely) juxtaposes alter-
nating layers of medium 1 with thickness d1 and medium
2 with thickness d2 such that the directions perpendic-
ular to the thicknesses of the layers are ideally infinite,
then one has an idealized layered medium [31]. A clear
illustration of what has been just described can be seen
in Ref. [31]. If one defines a coordinate system such that
the x-axis is in the direction of the alternating layers,
then the principal effective permittivity components of
this layered medium are [32]
y = z =
1 + η2
1 + η
(45)
and
1
x
=
1
1 + η
(
1
1
+
η
2
)
, (46)
where η ≡ d2/d1. Identical expressions also hold for the
anisotropic components of the effective permeability ten-
sor of the layered medium [31]. One clearly sees from
Eqs. (45) and (46) that when η → 0, the effective di-
electric parameters approach 1, while they are 2 when
η →∞. This is exactly what one expects because, for in-
stance, when d2 → 0 (η → 0) the layered medium would
basically be medium 1. As of importance in the sequel, if
one chooses a particular value for x, from Eq. (46) with
free 1, it implies that
2 =
xη1
1(1 + η)− x . (47)
Consider now the layered medium is under the influ-
ence of applied (controllable) fields such that the electric
field is in the x-direction and the magnetic field is in the
y-direction. From our previous notation with regard to
trirefringence, we have that x ≡ ε‖ ≡ −‖ < 0 and
y ≡ ε⊥. From Eq. (47), it thus gets clear that a layered
medium under applied fields in our model could just be
trirefringent if 2 is negative. Given that we have chosen
medium 2 as a metal-like medium, 2 < 0 could always
be the case if the frequency ω of the propagating waves
are smaller than the plasma frequency ωp of the material.
Indeed, the real (R) part of 2 for metal-like structures
is given by (modified Drude-Lorentz model [2])
R2 = m(∞)− 0
(ωp
ω
)2
, (48)
where m(∞) is a positive constant (changing from mate-
rial to material) [2]. Therefore, for any value of x = −‖,
one can always find an associated ω fulfilling it from Eqs.
(47) and (48).
In general, losses attenuate electromagnetic waves and
they could be estimated by the imaginary (I) parts of the
dielectric coefficients. If one takes 1 far from resonance,
which we assume here, then its imaginary part is neg-
ligible [2]. In this case, losses would just be associated
with 2 and for metal-like structures they are of the form
I2 = 0Γω
2
p/ω
3, with Γ the damping constant and usu-
ally Γ  ωp [2]. Simple calculations from Eq. (46) tell
us that
εI‖ =
η(η + 1)I2(
R
1 )
2
(I2)
2 + (R2 + η
R
1 )
2
. (49)
Since small values of ε‖ would be interesting for trirefrin-
gence, from Eq. (47) that implies R2 should be small as
well and by consequence frequencies of interest should be
close to the plasma frequency [see Eq. (48)]. Then, metal
losses should also be small. If one assumes that η  1,
then εI‖ ≈ I2. Losses in layered media would be negligi-
ble when the real parts of their dielectric coefficients are
much larger than their imaginary parts. For |εR‖ |  |εI‖|,
from the above, one would need |R2 |  |I2|. εR⊥  εI⊥
is always the case when frequencies are near the plasma
frequency and far from resonant frequencies of dielectric
media, exactly what we have assumed in our analysis.
Another important condition for a trirefringent
medium would be a nonlinear magnetization induced by
an electric field. For aspects of its permittivity, we have
taken η  1. Thus, if the permeability of the con-
stituent media are close to a given constant, convenient
choices for η will render effective coefficients such that
µx ≈ µy = µz ≈ µ2. In order to have the desired nonlin-
ear response, one should just take a metal-like constituent
medium whose permeability is naturally nonlinear. This
could be achieved if medium 2 was a “metametal”, for
example a metal array (wire medium [2]) of split ring res-
onators embedded in a given host medium. In addition to
the nonlinear response from the split ring resonators [2],
such media could also have controllable plasma frequen-
cies [2], which could be set to be in convenient regions
of the electromagnetic spectrum, such as the microwave
region [2]. (Good conducting metals have plasma fre-
quencies usually in the near-ultraviolet and optical [2].)
In this case, larger structures could be tailored still be-
having as an effective continuous medium, which is of
experimental relevance. Moreover, adaptations of split
ring resonators could also lead to effective nonlinear re-
sponses. Structures such as varactor-loaded or coupled
7split ring resonators already demonstrate such response
in the microwave frequency [19] and hence could also be
used in magnetoelectric layered media.
Let us make some estimates for relevant parameters of
our trirefringent layered media. Take ‖/0 = 1.5×10−2,
and keep the other parameters as in the above esti-
mate. For this case, 0.053 < 7.5 × 10−3 tan2 θ < 1, or
69.4 < θ(degree) < 85.1 [1.21 < θ(rad) < 1.44], which
is considerably larger than the angular opening of the
previous estimate. For typical metal-like parameters,
Γ/ωp ≈ 10−3 − 10−2 [2], which means losses could in-
deed be small for extraordinary waves and rays. If βxyy
turns out to be smaller than the values estimated, then
larger external magnetic fields could be used to increase
the angle apertures. Smaller values of ‖ could also work
but losses in these cases should be investigated with more
care, due to the relevance of dispersive effects.
V. FINAL REMARKS
We have shown that combinations of already known
nonlinear magnetoelectric materials are feasible media
for the occurrence of trirefringence. This sort of effect
was previously reported [1] in a more restrictive model,
and it has been generalized here. Particularly, when we
restrict the propagation of light rays to the xz-plane, the
same solutions for phase and group velocities are found.
As clearly seen from Eqs. (41) and (42) for light rays
propagating in the xz-plane, we note that the polariza-
tion vectors do not lie on this plane because they ex-
plicitly depend on an extra β coefficient with regard to
the velocities. As an important consequence thereof, the
three polarizations of a trirefringent medium are linearly
independent. We should also note that in the same way
as it occurs in the idealized case [1], there are three dis-
tinct group velocities for each direction of the wave vec-
tor in the region where trirefringence takes place. This is
an important result because it demonstrates that, anal-
ogously to the birefringent case, as a light ray enters a
trirefringent slab it splits into three rays with linearly
independent polarizations, and each one will follow the
trajectory imposed by Snell’s law.
We have also given estimates and examples of possible
trirefringent media. They have been based on layered
media, whose tailoring is relatively easy experimentally.
In order to have all ingredients for trirefringence, con-
venient fields should be applied on these media and one
of their constituent parts might have an intrinsic non-
linear magnetic response. This could be achieved, for
instance, with arrays of split ring resonators in a given
host medium, or any other metallic-meta-atoms which
present nonlinear magnetic responses. The trirefringent
media proposed would also have controllable plasma fre-
quencies, which would be useful for practical realizations
since all the structures should have subwavelength sizes.
With layered media one could easily control allowed val-
ues for the permittivity components, even render some
of them close to zero with small resultant losses. This is
an important aspect for trirefringence, given that the set
of angles where it takes place would generally depend on
the inverse of the permittivity.
Closing, we should mention that the model investi-
gated in this work also allows for the possibility of ex-
ploring slow light phenomena. This aspect can be un-
derstood by examining Eq. (43), which sets the condi-
tion for the occurrence of trirefringence, or directly by
inspecting the specific example explored in Fig. 2. The
angular opening for which this effect occurs is charac-
terized by two critical angles, the minimum one, θmin,
that depends on the magnetoelectric properties of the
medium, and the maximum one, θmax, that depends only
on the permittivity coefficients. We particularly see that
v−e (θmax) = 0, which means that the velocity of one of
the extraordinary rays continually decreases to zero as
we move from the trirefringent region to a birefringent
region. The whole picture is clearly exposed in Fig. 2.
If we start with θ < θmin there will be only one solution
for wave propagation, which corresponds to the ordinary
wave. When we achieve θmin an extraordinary ray will
appear, and this particular direction will exhibit birefrin-
gence. In fact, at this direction both extraordinary wave
solutions coincide. Directions such that θmin < θ < θmax
present three distinct solutions as discussed before, char-
acterizing a trirefringent domain. However, as θ → θmax
we have that v−e (θ)→ v−e (θmax) = 0. Hence, we can pro-
duce an extraordinary solution with a phase velocity as
closer to zero as we wish just by adjusting the direction
of propagation as closer to θmax as possible.
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VI. APPENDIX
Alternatively to the method of field disturbances, pro-
posed by Hadamard [24, 33, 34], one can derive the Fres-
nel equation [Eq. (9)] directly through Maxwell equations
[Eqs. (1) and (2)], and the constitutive relations [Eqs. (3)
and (4)], together with some assumptions on the fields.
The field can be decomposed into probe field ~E
p
and
background field ~E
o
, ~E = ~E
p
+ ~E
o
. Where | ~Eo |  | ~Ep |,
|∇ · ~Eo |  |∇ · ~Ep | and |∂t ~Eo |  |∂t ~Ep |. Note that
∂
∂Ej
=
∂
∂Eon
∂E
o
n
∂Ej
+
∂
∂Epn
∂E
p
n
∂Ej
' ∂
∂E
o
j
.
8The same holds for the magnetic field: ~B = ~B
p
+ ~B
o
,
and so on.
We assume plane wave solutions for the electric and
magnetic probe field modes as ~E
p
= ~e exp[i(ωt − ~q · ~r)]
and ~B
p
= ~b exp[i(ωt− ~q · ~r)], from which,
∂tE
p
j = iωE
p
j , ∂tB
p
j = iωB
p
j ,
∂iE
p
j = −iqiE
p
j , ∂iB
p
j = −iqiB
p
j .
Substituting these relations in Faraday law [Eq. (1)]
yields ωB
p
k = ijkqiE
p
j . Finally, returning this result in
Eq. (2), we obtain after some algebra the Fresnel equa-
tion ZijE
p
j = 0, where Zij is the same as obtained in Eq.
(9).
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